Abstract. In this note we study distributive posets. We discuss several notions of distributivity in posets and show their equivalence. Moreover, the Prime Ideal Theorem for Distributive Posets is shown to be equivalent with the famous Prime Ideal Theorem for Distributive Lattices using distributive ideal approach.
Introduction
Distributive ordered sets as well as prime ideals in ordered sets have been studied by many researchers. We shall investigate this notion in the context of the theory of complete Heyting algebras. The paper is organized in the following way. First, we recall basic notions. In Section 1 we discuss the concept of distributivity in ordered sets. We use the complete Heyting algebra of distributive ideals as our main tool to prove both new and old results on distributive posets. In particular, a poset is distributive if and only if any of its cuts is a distributive ideal. The equivalence of the Prime Ideal Theorem for Distributive Posets with the Prime Ideal Theorem for Distributive Lattices and the Representation theorem for Distributive Posets are the main results of Section 2.
The basic reference for the present text is the classic book by Johnstone [12] , where the interested reader can find unexplained terms and notation concerning the subject. We also refer the reader to [2] for standard definitions and notations for lattice structures. For facts concerning the notion of distributivity in posets we refer to papers [4] , [5] and [6] by Erné and to [3, 8, 13, 14] , for ideals in posets to [11, 15] . Our terminology and notation agree with the book [12] and the paper [14] .
We recall some standard notation. Let P be a poset, X ⊆ P . The set L(X) := {y ∈ P : (∀x ∈ X)(y ≤ x)} is called the left polar of X in P . Similarly, the set U(X) := {y ∈ P : (∀x ∈ X)(y ≥ x)} is called the right polar of X in P . If X = n i=1 X i we put U(X 1 , . . . , X n ) = U(X) (L(X 1 , . . . , X n ) = L(X)). If, moreover, for some i, 1 ≤ i ≤ n, X i = {a i }, we substitute X i by a i as follows U(X 1 , . . . , X i , . . . , X n ) = U(X 1 , . . . , a i , . . . , X n ),
Recall that the operators L() and U() define a Galois connection on P(B), i.e., Y ⊆ L(X) if and only if X ⊆ U(Y ). In particular, L() and U() are antitone mappings such that L(X) = {L(x) : x ∈ X}, U(Y ) = {U(y) : y ∈ Y }, and their compositions L() • U() and U() • L() are monotone mappings.
A (Frink) ideal in P is a subset X ⊆ P such that, for each finite subset Y ⊆⊆ X, we have L(U(Y )) ⊆ X. A (Frink) filter in P is a subset X ⊆ P such that, for each finite subset Y ⊆⊆ X, we have U(L(Y )) ⊆ X. Evidently, the intersection of ideals is an ideal. The least ideal of P containing a subset X of P will be denoted by X . Note that X is the union of all L(U(A)) where A runs through the finite subsets of X.
A subset X ⊆ P such that L(U(X)) = X is said to be a cut. The complete lattice of all cuts in P will be denoted by DM(P ). We speak about the DedekindMacNeille completion or completion by cuts.
Distributive posets
In what follows, we are going to introduce the notions of a distributive poset and a distributive ideal on it. The complete lattice of distributive ideals is shown to be a complete Heyting algebra. We prefer here the Frink style definition of a distributive poset as in [7] for ideals to the usual ones (see [16, 10, 14] ).
for all finite subsets A, B ⊆⊆ P .
Recall that, for B = ∅, we put {L(A, b) : b ∈ B} := ∅. The proof of the following lemma is based on an idea from [14, Proposition 31].
for all a ∈ P and for all finite subsets B ⊆⊆ P .
Proof. Leftright implication is evident. Let (2.1) hold. If A = ∅ or B = ∅, the statement is evident. Let A = ∅ and B = ∅. It is enough to check that
Let t ∈ L(A, U(B)) and s ∈ U ( {L(A, b) : b ∈ B}). Assume on the contrary that t ≤ s. By (2.1), for all a ∈ A, s ∈ U(t) = U(L(t)) = U(L(t, a)) and
Now, let us assume that A = {a 1 , . . . , a n }. We can construct a finite sequence t 1 , . . . , t n by recursion as follows:
Note that the preceding Lemma establishes an equivalence of our definition of a distributive poset with the usual ones (see [16, 10, 14] ). Definition 2.3. A lower subset I of a poset P is said to be a distributive ideal if
Recall that any distributive ideal of a poset is a Frink ideal (putting A = ∅ in (2.2)). Dually, an upper subset F of a poset P is said to be a distributive filter if
for all finite subsets A, B ⊆⊆ P and any distributive filter is a Frink filter.
The set of all Frink (distributive) ideals of a poset P will be denoted by Id(P ) (d − Id(P )).
Theorem 2.4. Let P be a poset. Then (d − Id(P ), ⊆) with an operation ⇒ defined for all X, Y ⊆ P , X, Y lower subsets of P , by
is a complete Heyting algebra.
Moreover, the following conditions are equivalent:
Proof. Note that (d − Id(P ), ⊆) is a complete lattice -the intersection of any family of distributive ideals is a distributive ideal again.
We have
It follows that (d−Id(P ), ⊆) with an operation ⇒ is a complete Heyting algebra. Assume first that P is a distributive poset. Let L(U(X)) be a cut of P and let
Conversely, let us assume that
Lemma 2.5. Let P be a poset. Then P is distributive iff
Proof. It is enough to check the leftright implication. The other implication follows by a duality argument. The equality (2.3) is equivalent to the equality
for all finite subsets A, B ⊆⊆ P . By the distributivity of the complete Heyting algebra (d − Id(P ), ⊆), we have the second equality below and, by the fact that cuts are in d − Id(P ), we get the first inclusion
Remark 2.6. It is well known that a poset P is distributive if and only if
for all elements a, b, c ∈ P (see [14, 10] ). This is also equivalent to the condition
for all finite subsets A ⊆⊆ P and for all elements b, c ∈ P . Now, let us slightly modify Definition 2.3 according to [16, 10] .
Definition 2.7. A lower subset I of a poset P is said to be
for all finite subsets A ⊆⊆ P and for all elements b, c ∈ P .
Recall that any (distributive) ideal of a poset is a 2-(distributive) ideal. Dually, an upper subset F of a such poset P is said to be (1) a 2-filter if
for all finite subsets A ⊆⊆ P and for all elements b, c ∈ P . Any (distributive) filter is a 2-(distributive )filter.
The following is a restatement of Proposition 2.4 and we omit the proof.
Proposition 2.8. Let 2−dId(P ) be the set of all 2-distributive ideals of a poset P . Then (2 − dId(P ), ⊆) is a complete Heyting algebra.
Remark 2.9. Let 2 − Id(P ) be the set of all 2-ideals of a poset P . Note that Halaš in [9] has shown that the distributivity of the complete lattice 2 − Id(P ) of all 2-ideals of a poset P yields the distributivity of P . We are now going to establish the respective statement for the complete lattice Id(P ) of all ideals of P . Theorem 2.10. Let P be a poset and Id(P ) a distributive lattice. Then P is distributive.
Proof. It is enough to check Equation 2.4. Let
By the distributivity of the complete lattice (Id(P ), ⊆) we have
Remark 2.11. Note that, for a poset P , Id(P ) is always a complete algebraic lattice (see [14, Theorem 7] ) and d − Id(P ) is always a complete Heyting algebra. It is desirable to have some property that these two sets coincide. Clearly, this condition should by Theorem 2.4 always include the distributivity of P (since DM(P ) ⊆ Id(P ) = d − Id(P ) yields the distributivity of P ). Let us propose the following.
Definition 2.12. Let P be a poset. We say that P has property W (M ) if, for each finite subset A ⊆⊆ P , there is a finite subset
Recall that the property M is sometimes called the 2/3-SFP property (see [1] ). Proposition 2.13. Let P be a distributive poset satisfying property (W) (property (M)). Then any Frink ideal (Frink filter) of P is distributive.
The remaining part follows by a duality argument.
Theorem 2.14. Let P be a poset satisfying property (W). Then the following conditions are equivalent: Remark 2.15. First, note that it was shown in [5] that, for ∧-semilattices, distributivity and ideal distributivity are equivalent properties. This statement follows from our Theorem 2.14 since any ∧-semilattice satisfies property (W).
Second, it is well known that there is a finite distributive poset P such that the lattice 2 − Id(P ) of all 2-ideals of P is not distributive (see [11] ). Since any finite poset P satisfies property (W), by Theorem 2.14 Id(P ) is a distributive lattice. Hence, Halaš's example will not work in our setting. The relevant example that there is an infinite distributive poset P such that the lattice Id(P ) of all ideals of P is not distributive is due to Niederle (see [14] ).
Prime Ideal Theorem and Representation Theory
The main goal of this section is to establish a version of Prime Ideal Theorem for distributive posets (satisfying property (W)) and their representation. Definition 3.1. A map f between posets P and Q is said to be an LUmorphism if
for all finite subsets A, B ⊆⊆ P . Evidently, any LU-morphism preserves order. We say that f is an LU-embedding (LU-isomorphism) if f is one-to-one (the inverse map to f is an LU-morphism).
Recall that, for any poset Q and any its subset P , we have
for all subsets W, Y, Z ⊆ P . Lemma 3.2. Let (Q, ≤) be a distributive poset, P a subset of Q such that the natural injection is an LU-embedding. Then (P, ≤ P ) is a distributive poset.
Proof. Let a, b, c be elements of P . Then a, c)) ) . , c)) ) . Proposition 3.3. Let P be a distributive poset. Then the poset
This gives us
is a distributive lattice, Q := {L(x) : x ∈ P } ∪ {L(U(∅)), L(U(P ))} generates G 1 0 (P ) in the Dedekind-MacNeille completion DM(P ) and the map γ :
, is an LU-embedding. Proof. It is well known (see [14, Proposition 33] ) that the set
is a distributive lattice. Hence, also G 1 0 (P ) is a distributive lattice and so we only have to check that (L(A)) ). The other equation can be proved dually.
Definition 3.4. Let P be a poset. The trace of a subset A ⊆ DM(P ) is the set tr(A) := {x ∈ P : L(U(x)) ∈ A}.
Lemma 3.5. Let P be a (distributive) poset, I ∈ Id(DM(P )) (I ∈ Id(G 1 0 (P ))). Then tr(I) ∈ Id(P ). Similarly, let F ∈ F ilt(DM(P )) (F ∈ F ilt(G 1 0 (P ))). Then tr(F ) ∈ F ilt(P ).
Proof. Evidently, tr(I) is a lower subset of P . Assume that X ⊆⊆ tr(I). Then,
We have that tr(F ) is an upper subset of P . Now, let X ⊆⊆ tr(F ). Then,
It can be easily checked that any ∧-prime (distributive) ideal I, i.e., I 1 ∩ I 2 ⊆ yields I 1 ⊆ I or I 2 ⊆ I, is a prime ideal in the usual sense, i.e., its set-theoretic complement F is a filter. Namely, let A ⊆⊆ F . Then L(a) ⊆ I for all a ∈ A. By the ∩-irreducibility of I, we have L(A) ⊆ I. Then there is an element x ∈ L(A) such that x ∈ F , i.e., F ⊇ U(x) ⊇ U(L(A)). We shall denote the set of all prime (distributive) ideals of P by P t (Id(P )) (P t (d − Id(P ))) and the set of all ∧-prime (distributive) ideals of P by P s (Id(P )) (P s (d − Id(P ))). Note that, for distributive lattices, all the above sets of "prime ideals" coincide. (i) PIT for distributive lattices, i.e., given a distributive lattice L, a, b ∈ L, a ≤ b, there is a prime ideal I of L such that a ∈ I, b ∈ I, (ii) PIT for distributive posets and Frink ideals, i.e., given a distributive poset P , a, b ∈ P , a ≤ b, there is a prime ideal I of P such that a ∈ I, b ∈ I.
We put I = tr(I) ∈ Id(P ), F = tr(F ) ∈ F ilt(P ). Then I ∪ F = P , I ∩ F = ∅, a ∈ F , b ∈ I , i.e., I is prime in P .
(ii)⇒ (i) Since any distributive lattice is a distributive poset, the implication follows.
Lemma 3.7. Let P be a poset and let X = P t(Id(P )) be the set of all prime ideals of P . Then the map η : P → P(X) defined by
is a LU-morphism of posets. We call P an LU-poset of sets if η is an LUembedding.
for all a ∈ A iff, for any prime ideal I, I ∈ U implies a / ∈ I for all a ∈ A iff, for any prime ideal I, I ∈ U implies z / ∈ I for all z ∈ U(L(A)) iff, for any prime ideal
Similarly, W ∈ U(η(b) : b ∈ B) iff, {η(b) : b ∈ B} ⊆ W iff, for any prime ideal I, (I ∈ {η(b) : b ∈ B} implies I ∈ W ) iff, for any prime ideal I, (∃b ∈ B, b / ∈ I implies I ∈ W ) iff, for any prime ideal I, (∃z ∈ LU(B), z / ∈ I implies I ∈ W ) iff, for any prime ideal I,
As in the case of distributive lattices, we would like the map η to be an embedding. To do this, we need distributivity of P and an extra assumption -namely the Prime Ideal Theorem for Distributive Lattices. So we can state the following representation theorem (compare [7, Theorem 4, Theorem 5] ). (i) P is distributive, (ii) given an ideal J of P and an element a / ∈ J, there exists a prime ideal I such that J ⊆ I and a / ∈ I, (iii) given a, b ∈ P with a ≤ b, there exists a prime ideal I such that a / ∈ I and b ∈ I, (iv) the map η : P → P (P t (Id(P ))) is an LU-embedding, (v) P is an LU-poset of sets.
Proof. (i)⇒ (ii) Let J be an ideal, a / ∈ J. We put J to be the ideal in G 1 0 (P ) generated by the set γ(J). Evidently, γ(a) / ∈ J. Then, by the Prime Ideal Theorem for Distributive Lattices, there is a prime ideal I in G 1 0 (P ) such that J ⊆ I, γ(a) / ∈ I. Putting F = G(P ) − I, we see that F is a prime filter in G 1 0 (P ). Now we have J = tr(J) ⊆ tr(I) = I, a / ∈ I, F = tr(F ), i.e., I is an ideal and F is a filter, I = P − F . (iii)⇒ (iv) We can always find a prime ideal that separates different elements, i.e., η is one-to-one.
Corollary 3.9. (PIT) Let P be a distributive poset. Then any ideal of P is the intersection of prime ideals.
Corollary 3.10. (PIT)
There is a distributive poset P and a prime ideal I of P such that I is not a ∧−prime ideal.
Proof. We know that there is a distributive poset [14] such that its complete lattice of ideals is not distributive. Since any complete lattice ∧-generated by ∧-prime elements is distributive, we obtain our observation.
Corollary 3.11. (AC)
There is a distributive poset P and a ∧-irreducible ideal I of P such that I is not a ∧−prime ideal.
Proof. Applying the same arguments as in 3.10 and Theorem 7.1.7 from [1] that Id(P ) is ∧-generated by its ∧−irreducible elements. (i) PIT for distributive lattices, i.e., given a distributive lattice L, a, b ∈ L, a ≤ b, there is a prime ideal I of L such that a ∈ I, b ∈ I, (ii) PIT for distributive posets satisfying property (W) and Frink ideals, i.e., given a distributive poset P , a, b ∈ P , a ≤ b, there is a ∧-prime ideal I of P such that a ∈ I, b ∈ I, (ii) PIT for distributive posets satisfying property (W) and distributive ideals, i.e., given a distributive poset P , a, b ∈ P , a ≤ b, there is a ∧-prime distributive ideal I of P such that a ∈ I, b ∈ I.
Proof. Lemma 3.13. Let P be a poset satisfying property (W) and let X = P s(Id(P )) be the set of all ∧-prime ideals of P . Then the map µ : P → P(X) defined by µ(a) = X a = {I ∈ P s(Id(P )) : a / ∈ I} is a LU-morphism of posets.
Proof. The proof proceeds the same way as that of Lemma 3.7.
Theorem 3.14. (PIT) Let P be a poset satisfying property (W). Then the following are equivalent:
(i) P is distributive, (ii) given an ideal J of P and an element a / ∈ J, there exists a ∧-prime ideal I such that J ⊆ I and a / ∈ I, (iii) given a, b ∈ P with a ≤ b, there exists a ∧-prime ideal I such that a / ∈ I and b ∈ I, (iv) the map µ : P → P (P s (Id(P ))) is an LU-embedding, (v) P is an LU-poset of sets.
Proof. (i)⇒ (ii) Let J be an ideal, a / ∈ J. Then L(U(a)) ⊆ I. Since IdP = d − IdP is an algebraic complete Heyting algebra, there is a ∧-prime ideal I ∈ IdP such that L(U(a)) ⊆ I, J ⊆ I. Then a / ∈ I, J ⊆ I. (iii)⇒ (iv) We can always find a ∧-prime ideal that separates different elements, i.e., µ is one-to-one.
(ii)⇒ (iii), (iv)⇒ (v)⇒ (i) Trivial.
